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A new anisotropic damage model for rock is formulated and discussed. Flow rules are
derived with the energy release rate conjugate to damage, which is thermodynamically
consistent. Drucker-Prager yield function is adapted to make the damage threshold de-
pend on damage energy release rate and to distinguish between tension and compression
strength. Positivity of dissipation is ensured by using a non-associate flow rule for dam-
age, while non-elastic deformation due to damage is computed by an associate flow rule.
Simulations show that the model meets thermodynamic requirements, follows a rigorous
formulation, and predicts expected trends for damage, deformation and stiffness.
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1. Introduction
Continuum Damage Mechanics (CDM) initially aimed to predict deformation and
stiffness in solids subject to cracking. The increasing need for high-performance
cement-based materials in construction, and the new challenges associated to deep
geological storage, raised interest in studying the behavior of quasi-brittle geo-
materials such as concrete and rock. Geomaterials have a heterogeneous porous
structure needing rigorous characterization by ad hoc parameters, in order to de-
termine the “reference state”, i.e. the mechanical state in which the material is
considered undamaged. Porous networks are generally complex, especially in micro-
porous rock such as coal and shale, which comprise flaws ranging from the nano-
scale to the millimeter scale [Loucks et al. (2009)]. Extending the framework of
CDM to geomechanics thus raises many theoretical issues associated to the multi-
ple scales of observation that need to be considered. Micro-mechanics allows pre-
dicting the initiation and propagation of individual defects. Sophisticated homog-
enization schemes were proposed in order to upscale material properties at the
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scale of a Representative Elementary Volume (REV) of rock [Pensée et al. (2002);
Guéry et al. (2008)], including saturated cases [Dormieux et al. (2006)] and non-
local damage effects [Zhu et al. (2007)]. Assumptions have to be made on the shape
of the cracks. Models were often restricted to the growth of cracks having the same
shape, orientation and growth rate. In theory, micro-mechanical models could pre-
dict the evolution of as many kinds of defects and defect orientations as needed,
as long as evolution laws can be provided. The CDM thermodynamic framework
is well-suited for numerical implementation in Finite Element Methods (FEM) be-
cause discontinuities are modeled as energy losses at the REV scale.
The fabric (or “morphology”) of the intact medium has a strong impact on damage
evolution in granular media such as concrete and rock, and even in composites.
Voronoi cell FEMs were used to predict the influence of microstructure on crack
propagation [Li and Ghosh (2004)] in a medium containing stress-induced hetero-
geneities. Extended Finite Element Methods (X-FEM) were used to predict fracture
propagation in homogeneous and layered media including composites with delam-
ination [Nagashima and Suemasu (2006)]. However, modeling the damaged zone
ahead of the fracture tip, as would be of interest for rock subject to hydraulic
fracturing or shear faulting for instance, still raises many issues related to the
difficult modeling of the transition between damaged continuum and discontinu-
ous medium [Mazars and Pijaudier-Cabot (1996)]. Several numerical methods were
proposed, either by means of a multi-scale framework [Kourepinis et al. (2010);
Sethuraman and Reddy (2008)], or by means of an averaged damage quantity de-
fined at the scale of a REV [Suzuki (2012); Valko and Economides (1994)]. The
former methods do not allow tracking a damage variable explicitly, while in the lat-
ter, the link between length scales involved in stress intensity factors is not justified.
The goal of this research work is to account for crack-induced anisotropy in a consis-
tent damage model for quasi-brittle geomaterials. Emphasis is put on the physical
meaning and thermodynamic consistency of the model, and on related numerical
issues. Section 2 reviews the main strategies adopted so far to model anisotropy
induced by more than one damage mechanism in geomaterials (mainly: tension,
compression and shear damage). Section 3 presents the thermodynamic framework
and the main assumptions of the proposed anisotropic damage model. Section 4
presents the results of triaxial compression tests simulated at the integration point.
2. A Critical Review of Anisotropic Damage Models
In geomaterials such as rock and concrete, compression strength typically differs
by one order of magnitude from tensile strength. Although damage under isotropic
compression was observed in hardened cement paste [Ghabezloo et al. (2008)], “com-
pression damage” in geomaterials is in general associated to cracking under a differ-
ential stress. Let us consider a brittle material sample subjected to a triaxial com-
pression stress (Fig. 1). If the sample is homogeneous and if there is no friction at
the top and bottom boundaries, the sample undergoes lateral expansion (Fig. 1(a)).
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If boundaries are frictional and the sample is homogeneous, shear cracks will form
(Fig. 1(b)). The granular fabric of rock and concrete tends to drive cracks around
the stiffest crystals or aggregates, which results in “splitting effects” in tension and
“crossing effects” in compression [Ortiz (1985)] (Fig. 2(b)-2(a)). In CDM, crossing
effects in geomaterials are most often modeled as tension damage: a crack parallel
to the axis, driven by axial compression is considered to have the same mechanical
effects as a crack parallel to the axis, driven by lateral tension.
(a) Non Frictional Boundaries (b) Frictional Boundaries
Fig. 1. Expected Crack Path During a Triaxial Compression Test (soil mechanics convention,
compression counted positive): (a) non frictional boundaries ; (b) frictional boundaries for a ho-
mogeneous material (left) and a granular material (right)
(a) Crossing Effects (b) Splitting Effects
Fig. 2. Schematic representation of crossing (a) and splitting (b) mechanisms.
2.1. Tension and Compression Damage with Scalar Variables
CDM initially aimed to model brittle behavior observed in metals [Krajcinovic
(1996); Lemaitre and Desmorat (2005)]. In early damage models proposed for con-
crete [Mazars (1986); Mazars and Pijaudier-Cabot (1989)], two damage scalar vari-
ables were introduced in order to distinguish stiffness degradation rates in ten-
sion and compression. Following the same idea, Frémond and Nedjar [1996] split
the damaged elastic deformation energy into potentials associated to tension and
compression. Damage evolution laws are made dependent on negative and positive
strains, for compression and tension, respectively.
The formulation proposed by Frémond and Nedjar allows modeling unilateral effects
of crack closure on stiffness, i.e. recovery of compression strength without recovery
of tension strength when cracks close. Note that damage models resorting to two
different scalar variables are weakly anisotropic models: determination of the prin-
cipal directions of the strain (or stress) tensor is necessary to evaluate the energy
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dissipated in tension and in compression. However the scalar form adopted for the
damage variables does not allow predicting damage-induced anisotropy: anisotropy
of strain (or stress) controls damage rates, but stiffness anisotropy does not depend
on damage.
Material softening after the failure peak is known to induce localization effects. In
quasi-static problems, ellipticity of the governing equations is lost, while dynamic
hyperbolic equations become elliptic [Lasry and Belytschko (1988)]. Energy dissi-
pated by opening new crack surfaces tends to zero, non-elastic deformation local-
izes at a few integration points, and Finite Element solutions are mesh-dependent.
In order to account for the influence of damage defined at x at location x + dx,
an internal length parameter needs to be introduced in the formulation. Regu-
larization techniques include (i) microstructure-enriched models [Mindlin (1964);
Germain (1973a); Germain (1973b); Vardoulakis and Sulem (1995)], (ii) integral
and differential non-local formulations [Bazant (1991); Bazant and Jirasek (2002);
Jirasek (1998)], (iii) viscoplastic models [Belytschko and Kulkarni (1990)]. Frémond
and Nedjar [1996] proposed a gradient-enhanced damage model, in which damage
gradients (∇βc, ∇βt) are part of the internal variables.
In Lubliner’s concrete damage model [Lubliner et al. (1989)], the damage variable
is defined as the ratio of dissipated plastic energy for both tensile and compressive
cases. Based on this framework, Lee and Fenves [1998] coupled damage and plastic-
ity by using different hardening variables for different stress states. Damage models
that are not coupled to plasticity require the definition of damage potentials. Abu
Al-Rub and Kim [2010] used two separate potentials for two different damage vari-
ables (damage due to tensile stress, damage due to compressive stress). In Frémond
and Nedjar’s model [1996], the variables that are work-conjugate to damage vari-
ables (called “affinities” or “energy release rates”) are discontinuous functions of
strain: ∂Ψs/∂βc depends on ε
−, and ∂Ψs/∂βt depends on ε
+. This implies that the
rate of damage depends on a non-differentiable field function, which needs special
handling in a numerical code. In Θ-Stock Finite Element code for instance [Gatmiri
and Arson (2008)], the damage model assumes an associate flow rule for damage
(noted D), in which the damage criterion (fd(Y
+,D)) is a homogeneous function
of degree one in Y+, and in which the positive part of the energy release rate, Y+,
is proportional to positive deformation: Y+ = gε+. Computation of the increment
of damage at iteration i of load step k (dD(k,i)) requires dynamic storage of Y
+ at






































in which λ̇d is the damage multiplier. Moreover, Frémond and Nedjar assume that
damage in compression actually produces tension damage - but that the reverse is
not true. The elastic domain is defined as:
(βt, βc) ∈ C = {(x, y), x ∈ [0, 1]; y ∈ [0, 1], x ≤ y} (2)
The rate of damage (computed from the normality rule) is not unique at singularity
points, which raises important numerical issues.
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2.2. Splitting and Crossing Effects with One Tensor Variable
Anisotropic damage models derive naturally from damage models formulated with
a compression damage scalar and a tension damage scalar. In geomechanics, the
anisotropic damage variable is usually a second-order tensor which can be viewed




dknk ⊗ nk (3)
(in which the REV is assumed to contain N cracks characterized by a normal








E (r,n) dn dr (4)
(in which E (r,n) is the mathematical expectancy of a crack of radius r and normal
direction n in the REV VREV ). For instance, Abu Al-Rub and Kim [2010] and
Cicekli et al. [2007] used a second-order damage tensor in a free energy potential
expressed in terms of elastic strains, while Murakami and Kamiya [1996] adopted the
same approach with a different free energy expressed in terms of elastic strain and
modified strains. However elastic strains cannot be controlled in an experiment, or
imposed as a boundary condition in a numerical code. Therefore Halm and Dragon
[1998] and Homand-Etienne et al. [1998] expressed rock skeleton free energy in terms
of total strains. Chaboche [1993] and Pellet et al. [2005] employed a similar strategy,
with the additional use of a parameter accounting for non-orthotropic damage. Shao
et al. 2005; 2006, Zhou et al. [2006] and Hayakawa and Murakami [1997] proposed
anisotropic damage models based on a stress-dependent free energy potential.
The main limitations of anisotropic damage models used in geomechanics are:
(1) The difficult expression of a flow rule for anisotropic damage. As illustrated
in Fig. 2(a)-2(b), damage is modeled as tensile cracks, even under (differential)
compression stress. Consequently, the damage criterion is generally not expressed in
terms of the energy release rate (noted Y) thermodynamically conjugate to damage,
but rather in terms of a projection of this energy release rate in the space of positive
deformation or positive stress (noted Y+). As a result, damage evolution law is
generally not a true associate flow rule. The damage function is usually expressed






Y+ : Y+ − C0 − C1Tr (D) (5)
in which C0 is the initial damage threshold and C1 is a material parameter control-
ling the rate of damage according to the accumulated damage. Based on the flow
rule expressed in Eq. 1, Eq. 5 gives a smooth “damage surface” in the space of Y+
components (octant of a sphere), but a non-smooth surface in the space of Y (with
edges). In general, models that split tensile and compressive strains ([Murakami and
Kamiya (1996)]) or stresses ([Abu Al-Rub and Kim (2010); Cicekli et al. (2007);
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Hayakawa and Murakami (1997)]), exhibit a non-smooth damage surface (in gen-
eral, several branches with sharp connections).
(2) The difficult account for possible damage rotation. Shear induced by crack
opening and closure affect material stiffness and make it difficult to ensure thermo-
dynamic consistency [Chaboche (1992)]. Shear rotates the principal bases of stress
and strain, which would require updating the principal base of damage at each
iteration. To simplify, anisotropic CDM models generally assume that the princi-
pal directions of damage correspond to the principal directions of stress or strain.
Most anisotropic models are orthotropic. This allows studying planar and cylindrical
transverse isotropic configurations - usually, with no rotation of damage directions.
2.3. Shear Damage Models
Mixed mode crack propagation is a long-standing problem of fatigue modeling in
metals [Irawan et al. (2006)]. In rock, the transition from tensile failure (mode I)
to shear failure (mode II ) is generally modeled by combining Griffith criterion or
the modified Griffith criterion (depending on the Unconfined Compressive Strength
(UCS)) with Mohr-Coulomb failure criterion [Guéguen and Palciauskas (1994);
Goodman (1989)]. Most models accounting for “shear damage” depend on devi-
atoric stress - not on shear stress - which actually represents differential stress.
In general, two damage potentials governing two different damage variables are
introduced: one potential controls isotropic damage under the influence of mean
stress, and the other controls “shear damage ” under the influence of deviatoric
stress. Of particular interest is the series of models proposed for salt rock [Chan
et al. (1998)]. Because deformation induced by dislocation creep is isochoric, crack
damage in salt has often been associated to inelastic dilatant deformation. Damage
grows in stress states above the “dilatancy boundary”, whereas below this bound-
ary, inelastic contractant strains compensate damage deformation [Hou (2003);
Lux and Eberth (2007)]. Within the dilatancy boundary, damage cannot grow nor
decrease [Hunsche and Hampel (1999)].
Microscopic mechanisms explaining crack initiation under compression were stud-
ied by [Ashby and Sammis (1990)]. Locally, axial and radial stresses initiate wing
cracks at the tips of inclined flaws (wedge opening), whereas stress concentrations
around holes initiate tensile cracks. Both types cracks can be predicted by express-
ing Stress Intensity Factors (SIFs). A damage model considering the influence of
pure shear stress was proposed by Fouinneteau and Pickett [2007] and Shahid and
Chang [1995]: the damage variable is used to account for the reduction of shear
modulus in laminated composite materials. Other models were proposed to pre-
dict shear failure in pure ductile materials - for instance, the modified Gurson
model, which is based on micro mechanics. The micro-mechanical model presented
in [Tvergaard and Nielsen (2010)], accounts for: (1) the growth of existing voids due
to plastic incompressibility, (2) void nucleation, and (3) void softening during shear
mechanisms. However, the effect of damage on elastic properties is not captured.
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3. A New Model Distinguishing Tension and Compression
Damage Induced by Differential Stress
Capturing the difference of resistance of geomaterials in tension and compression
is still an open issue in CDM, mainly because the crack representation assumes an
equivalence between a crack opening in pure tension (“splitting effects”, Fig. 2(b))
and a crack opening in compression under differential stress conditions (“cross-
ing effects”, Fig. 2(a)). The model presented in the following aims to overcome
this limitation. The framework compromises between physical meaning of damage,
thermodynamic consistency requirements, and related numerical issues.
3.1. Thermodynamic Framework








where ψs is the Helmholtz free energy of the solid skeleton; Ce is the damaged elas-
tic stiffness tensor, depending on the current damage variable D; Y is the damage
driving force; εE is the total elastic deformation. Classical CDM models usually
assume that the free energy of the skeleton is equal to the damaged elastic defor-
mation energy [Lemaitre and Desmorat (2005)]. It is proposed instead to account
for residual crack openings induced by damage [Abu Al-Rub and Voyiadjis (2003)]:
ε = εel + εed + εid= εE + εid (7)
in which εel is the purely elastic deformation, εed is the elastic damage-induced de-
formation due to the degradation of mechanical stiffness, and εid is the irreversible
deformation tensor. This boils down to adding an energy potential to the damaged
elastic deformation in the expression of free energy, in order to account for the me-
chanical work needed to close cracks that remain open after unloading [Arson and
Gatmiri (2012); Swoboda and Yang (1999)]. As explained in [Collins and Houlsby
(1997); Houlsby and Puzrin (2006)], three functionals are needed to close the model
formulation: (1) the skeleton Helmholtz free energy Ψs (Eq. 6), (2) a damage cri-
terion fd (Eq. 5), and (3) a dissipation potential gd (to derive the evolution laws
of internal variables considered in the model). In the most general case, Helmholtz
free energy depends on state variables (in the present case: εE , or its conjugate: σ)
and internal variables (D and possibly, hardening variables). Dissipation (Φs) is as-
sumed to depend on inelastic strains and damage only [Hansen and Schreyer (1994);
Houlsby and Puzrin (2006); Yu (2006)]:
Φs = σ : ε̇
id + Y : Ḋ ≥ 0 (8)
The equation above is valid when there is no hardening, or when hardening depends
on the history of damage (in the latter case, inelastic strains and damage are used
as hardening variables). To satisfy inequality 8, it is sufficient to ensure separately:
σ : ε̇id ≥ 0, Y : Ḋ ≥ 0 (9)
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3.2. Postulate 1: Expression of the Free Energy
Most anisotropic damage models for geomaterials postulate a skeleton free energy
expressed in terms of deformation. As a result, the energy release rate Y conjugate
to damage (also called damage driving force) is also a function of deformation. In
order to capture cracks due to “splitting effects” (Fig. 2(b)) and equivalent cracks
due to “crossing effects” (Fig. 2(a)), it is necessary to make the damage criterion









which poses two main problems:
(1) The damage flow rule does not fit into the standard thermodynamic framework,
in which the rate of an internal variable is proportional to the derivative of a
potential by its conjugate driving force.
(2) The damage flow rule expressed in Eq. 10 depends on the derivatives of absolute
values, which brings some numerical issues (see Eq. 1 for instance).
In order to better account for states of tensile deformation under differential stress,
the free energy potential is expressed in terms of stress (Gibbs free energy, Gs).
To stay within the framework of linear elasticity in the absence of damage, the
expression of the free energy should have at most quadratic terms in σ [Halm and
Dragon (1998); Shao et al. (2005)]. In addition, it is assumed that Gs is linear in




σ : S0 : σ + a1trD (trσ)2 + a2tr(σ · σ ·D)
+ a3trσ tr(D · σ) + a4trD tr(σ · σ)
(11)
in which S0 is the compliance of the intact material, in the absence of damage.
Note that this expression of Gs can actually be obtained from the expression of Ψs
chosen by Halm and Dragon [1998] through a Legendre transform:
ψs (ε
E ,D) +Gs (σ,D) = σ : ε
E (12)
The material parameters ai need to be calibrated by numerical simulation [Shao
et al. (2005)]. According to Eq. 11, the stress/strain relationship writes:







(trσ) δ + 2a1(trD trσ) δ
+ a2(σ ·D + D · σ) + a3[ tr(σ ·D) δ + (trσ) D ] + 2a4(trD)σ
(13)
where δ is the second-order identity tensor, and E0 and ν0 are Young’s modulus and
Poisson’s ratio of the intact material. Similarly the damage driving force writes:






2 δ + a2σ · σ + a3tr(σ)σ + a4tr(σ · σ)δ (14)
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3.3. Postulate 2: Damage Function
3.3.1. Original Drucker-Prager Yield Surface
Drucker-Prager model is a plasticity model capturing “crossing effects” under differ-
ential stress and accounting for the difference of material behavior when the material
is overall in tension or overall in compression. Drucker-Prager yield function writes:
f(σ) =
√
J2 − αI1 − k (15)
in which I1 and J2 are the first and second stress invariants, respectively. Material








where φ is the angle of internal friction, and c is cohesion. Figure 3(a) shows the
yield surface in 3-D space with φ = 20◦, c = 2 kPa. Note that in this figure, the
soil mechanics sign convention is adopted, i.e. compression is counted positive, and
tension is counted negative. A natural choice would be to use the first and second
invariants of the damage driving force Y instead of I1 and J2 in Eq. 15, in order to
obtain the damage criterion. The damage surface in Y space would be the same as
the yield surface plotted in stress space for plasticity. But Fig. 3(b) shows that for
the choice of free energy in Eq. 11, the corresponding damage surface in stress space
would have symmetries implying that damage thresholds are the same in tension
and in compression. This is not satisfactory for geomaterials. To overcome this
problem, one possibility is to change the expression of the free energy in order to
avoid having a damage driving force depend only on quadratic stress terms (Eq. 14).
However, it is not desirable, because the polynomial expression of Gs in (Eq. 11) is
in part dictated by elasticity requirements (for the terms in σ), and in part verified
by experiments (for the terms in D). It is proposed instead to adapt the expression
of the damage function to distinguish compression and tension strengths.
3.3.2. Modified Damage Surface
The modified expression of the damage function is written in the following form:
fd =
√
J∗ − αI∗ − k (17)




(P1 : Y −
1
3
I∗δ) : (P1 : Y −
1
3
I∗δ), I∗ = (P1 : Y) : δ (18)







n(p) ⊗ n(p) ⊗ n(p) ⊗ n(p) (19)
in which H(·) is the Heaviside distribution function, σ(p) is the pth eigenstress value,
and n(p) is the vector alined with the pth principal direction of stress. α is a material
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(a) Drucker-Prager yield surface.
Compression
Tension
σ1 > 0, σ2 > 0, σ3 > 0
σ1 < 0, σ2 < 0, σ3 < 0
(b) Drucker-Prager Model in Damage Mechanics.
Fig. 3. For the chosen expression of free energy Gs, replacing stress by damage driving force in
Drucker-Prager ’s yield function does not define a satisfactory damage surface: damage thresholds
are the same in tension and in compression.
parameter accounting for the aperture of the cone in the P1 : Y space. The threshold
k in Eq. 17 is defined as a linear function of damage (similar to Eq. 5), suitable for
rock [Homand-Etienne et al. (1998); Shao et al. (2005); Shao et al. (2006)]:
k = C0 − C1Tr (D) (20)
Note that in the preceding equations, the soil mechanics sign convention is adopted
(compression positive, tension negative). The projection tensor P1 ensures that
the occurrence of damage be controlled by the action of the damage driving force
in the stress principal directions, and that in each stress principal direction, the
eigenvalues of the “physical damage driving force tensor” (P1 : Y) be of the same
sign as the stress eigenvalues. In P1 : Y space, the damage surface is a cone - similar
to Drucker-Prager yield surface. The plots of the damage surface (Fig. 4-5), show
that the damage surface is locally convex but globally non convex. Note that surface
convexity is a sufficient but not necessary condition to satisfy the positivity of the
dissipation potential [Desmorat (2006)]: the thermodynamic framework is indeed
consistent as long as the damage rate is non-negative. In fact the sign of energy
dissipation is only load path dependent, i.e. it should only be locally positive. If the
surface is locally non-convex, the load path may cross the damage surface, and the
predicted state of stress may fall outside the damage surface. Numerical solutions
were proposed in [Carstensen et al. (2002); Pedroso et al. (2008)].
In elasto-plasticity, an associate flow rule based on Drucker-Prager yield function
allows accounting for plastic dilatant volumetric strains due to mean stress. The
term αI1 in Eq. 15 is used to account for dilatant effects. The damage rates obtained
from an associate flow rule (with the damage function defined in Eq. 17) are not
detailed here, for the sake of brevity. It can be shown that the term αI∗ may cause
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the damage rate to be negative. For instance, Fig. 6 shows that some components
of the rate of a dissipation variable computed from an associate flow rule can be
negative, depending on the location of the state of stress on the yield surface. To
ensure the positivity of dissipation, it is proposed resort to a non-associate flow
rule, i.e. to introduce a damage potential gd 6= fd in the formulation.



































Fig. 6. With an associate flow rule, some components of the rate of damage are negative.
3.4. Postulate 3: Expression of the Damage Potential
It is proposed to define the damage potential as a homogeneous function of degree





(P2 : Y) : (P2 : Y)− C2 (21)
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n(p) ⊗ n(p) ⊗ n(p) ⊗ n(p) (22)
Due to the definition of the projection tensor P2, the surface of the dissipation poten-
tial in the space of the components of Y exhibits three “branches”, corresponding
to the three possible directions of maximum eigenstress (these three “branches”
are plotted with three different colors in Fig. 7). When the maximum eigenstress
changes from one direction to another, the state of stress represented by the thermo-
dynamic damage driving force jumps from one “branch” (or subsurface) to another.
For the special case when two eigenstresses are equal, the plot of the damage po-
tential exhibits a discontinuity, and the state of stress is characterized by a plane or
a line. That could pose numerical problems if there was no unique way to compute
the derivative of the damage potential. But in fact, a close form solution exists (not
detailed here for the sake of brevity). As a result, the model is thermodynamically
consistent and the incremental equations can be implemented in a numerical code.
Computations of damage for basic loading paths show that with the dissipation
potential defined in Eq. 21, it is possible to calibrate the material parameters ai in
order to ensure the positivity of the components of ∂gd∂Y (for the sake of brevity, the
detailed computations are not provided in this paper). Positivity of ∂gd∂Y ensures the
positivity of the damage rate, and therefore, the thermodynamic consistency of the
model. Note that in the space of the “physical damage driving force” P2 : Y, the
surface of the damage potential is an octant of a sphere (Fig. 8). Fig. 9 shows the
shape of the damage potential in the space of stress: the three “branches” have the
shape of cones. The three planes departing from the cone intersections illustrate the
states of stress for which two maximum eigenstresses have the same value.
3.5. Postulate 4: Irreversible Deformation Flow Rule
As explained above (Eq. 9), a sufficient condition to ensure the positivity of dis-
sipation is to ensure that Y : Ḋ ≥ 0 and σ : ε̇id ≥ 0. According the preceding
computations, the condition Y : Ḋ ≥ 0 is ensured by calibrating the material pa-
rameters (ai) in such a way that the damage rate remains positive for the states of
stress expected in geomechanical problems (mainly: trixial and uniaxial compres-
sion, and uniaxial tension). A logical choice would be to use the same potential as













The flow of irreversible strain should be normal to the surface of the plot shown
in Fig. 9. A quick glance at the plot shows that the principal directions of the ir-
reversible strain rate are equal to the stress principal directions, and that in each
principal direction, the rate of irreversible strains has the same sign as the stress
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Fig. 7. Damage potential in Y space. For a given state of stress, the elastic domain is delimited
by one of the three colored surfaces (the red (respectively blue and turquoise) surface corresponds
to a stress state in which σ(1) (respectively σ(2) and σ(3)) is maximum. The figure on the right
shows the convex elastic domain common to all possible states of stress.
Fig. 8. Damage surface in P2 : Y space. Fig. 9. Damage potential in σ space.
rate. However, it is assumed (from Postulate 3) that damage propagates in planes
normal to the major principal stress direction, i.e. that cracks opening due to a
compression in direction 1 should induce dilatant irreversible deformation in direc-
tions 2 and 3. As a result, we cannot reasonably assume that the rate of strain
should be parallel and of the same sign as the rate of stress. Instead of deriving
the rate of irreversible deformation from the potential (Eq. 21), the evolution law
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− αδ : P1
(25)
4. Simulation of Anisotropic Damage During Triaxial Compression
The model presented in Section 3 was implemented in a program computing stress
and damage at the integration point. The values of material parameters (in Tab. 1)
are taken from [Shao et al. (2006)]. Note that these values were calibrated for granite
rock with the damage model presented in [Shao et al. (2006)]. The damage model
proposed herein is different, so the simulation results are not expected to represent
the behavior of granite rock.
Table 1. Parameters Used in the Simulations with the Proposed Damage Model.
E0 ν0 a1 a2 a3 a4 α C0
GPa ×10−4GPa−1 ×10−4GPa−1 ×10−4GPa−1 ×10−4GPa−1 MPa
68 0.21 1.2565 393.71 -12.565 2.513 0.2309 0.001
In the triaxial compression test is presented in Fig. 10-11, the first loading stage
(OA) consists in imposing an isotropic confining pressure of 10MPa. In a second
stage, strain in direction 1 is increased by increments (positive with the soil mechan-
ics sign convention, up to 0.75%), while stress in directions 2 and 3 is maintained
constant (σ̇2 = σ̇3 = 0). The increae of strain in direction 1 will thus cause an in-
crease of deviatoric stress σ̇1− σ̇3 6= 0: AB represents the elastic loading path, while
BC is the non-elastic loading path (when cracks propagate). The unloading phase
(CD), when ε1 is relaxed, is also simulated. It is expected to get damage only in
planes perpendicular to directions 2 and 3 (D2 = D3 > 0), while irreversible strains
should be compression deformation in direction 1 (εir1 > 0) and tension deformation
in directions 2 and 3 (εir2 = ε
ir
3 < 0). The model predicts indeed that the damaged
stiffness of the material is less than the original stiffness (Fig. 10), which proves that
damage occurred (Fig. 11). It can also be noticed that relaxing deformation is not
sufficient to release the compression stress originated by the strain imposed to the
sample during the test. The maximum deviatoric stress during the test is 235 MPa
(i.e. a total compression of 245MPa in direction 1). This corresponds to the maxi-
mum strain imposed in direction 1 (0.75%). As the strain in direction 1 is increased,
cracks in planes perpendicular to directions 2 and 3 propagate (Fig. 11): correspond-
ingly, damage accumulates in directions 2 and 3 (up to D2 = D3 = 65%). Then
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D2 = D3 remains constant during the isotropic compression and unloading phases.
In fact damage is generated when the lateral surface of the sample is subjected to
compression stress, but lateral strains change from compression deformation (OA)
to tension deformation (AC) (Fig. 10). No damage occurrs in the vertical direction
during the test.




































Fig. 10. Triaxial Compression Test. Devia-
toric stress versus axial strains.





































Fig. 11. Triaxial Compression Test. Damage
evolution with lateral strain ε3.
Confinement delays the occurrence of damage. Fig. 12 shows that during a strain-
controlled triaxial compression test, the damage threshold is reached for a higher
deviatoric stress when the confining stress increases. For lower confining stress,
damage occurs at a smaller deviatoric stress, the cumulated damage is less, and the
lateral residual strain is higher . The simulation results obtained with the parameters
suggested by Shao [2006] show that the proposed model captures qualitatively the
most important features of damaged rock behavior under differential stress. The
values of parameters a1, a2, a3 and a4 may be adjusted to brittle or ductile responses.
A parametric study on a1 is shown in Fig. 13 for the triaxial compression test under
10 MPa of confining stress (with the values of a2, a3 and a4 reported in Tab. 1).
Decreasing the value of parameter a1 tends to increase lateral expansion due to
residual crack openings, which could be appropriate for a more ductile rock.
5. Conclusion
At the scale of the Representative Elementary Volume (REV), Continuum Damage
Mechanics (CDM) models for geomaterials assume that cracks propagate in mode
I. Both splitting and crossing effects are modeled by a Griffith crack, opening under
the influence of a differential stress. This approach allows representing crack-induced
orthotropic damage and potential unilateral effects due to crack closure. However,
the approach fails at predicting rotation of the principal directions of damage due to
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(a) Deviatoric stress versus lat-
eral strain ε3 (set to 0 after ap-
plying the confining stress).


























(b) Vertical stress versus lat-
eral strain ε3.
























(c) Vertical stress versus dam-
age variable D33.
Fig. 12. Triaxial compression Tests with different confining stresses.

























(a) Deviatoric stress versus lat-
eral strain ε3.























(b) Deviatoric stress versus
damage variable D33.





















(c) Damage evolution with ax-
ial strains ε1.
Fig. 13. Triaxial compression Tests with different values of a1.
shear stress. On the one hand, shear damage models assume several dissipation po-
tentials: one for isotropic damage due to volumetric stress, and one for orthotropic
damage due to deviatoric stress. On the other hand, orthotropic damage models
often assume that the principal base of damage is the same as stress, and related
simulations assume a constant stress principal base. Another recurring limitation
of CDM models proposed for geomaterials is the difficulty to account for different
damage thresholds in tension and compression when the damage driving force is
assumed to be a function of differential stress. A new anisotropic damage model is
proposed to overcome these problems.
The formulation compromises between thermodynamic requirements, physical ex-
pectations and differentiability requirements for energy potentials. The solid skele-
ton free energy is a polynomial of order two in stress, and order one in damage.
Damage is a second-order tensor. Contrary to existing damage models proposed for
geomaterials, flow rules are derived with the energy release rate work-conjugate to
damage, which is thermodynamically consistent. The damage criterion is adapted
from Drucker-Prager yield function: the criterion is expressed in terms of damage
energy release rate, and a projector is used in order to distinguish between tension
and compression damage thresholds. Positivity of dissipation is ensured by com-
May 28, 2014 5:42 WSPC/INSTRUCTION FILE ws-ijcm
Anisotropic Damage Models for Geomaterials: Theoretical and Numerical Challenges 17
puting the damage rate by a non-associate flow rule. On the contrary, non-elastic
deformation due to damage needs to be computed by the associate flow rule in order
to maintain the physical meaning of the model trends.
Triaxial compression tests were simulated at the integration point. The model cap-
tures well the propagation of crack planes in the direction parallel to major com-
pression stress, and the subsequent anisotropy induced on stiffness and deformation.
In addition, the damage criterion allows to distinguish between crack propagation
in tension and compression. More work is needed to calibrate the model parame-
ters, and to determine precisely whether for these calibrated parameters, all states
of stress lead to a positive dissipation.
The proposed model is expected to give useful insights for the formulation of new
constitutive models for rock and concrete. It is also the first step towards the devel-
opment of a framework allowing modeling multi-scale crack propagation - without
converting one scale of discontinuity into a continuous damaged zone. In particular,
further studies will be dedicated to the implementation of anisotropic Continuum
Damage Mechanics models into Extended Finite Element programs.
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d’endommagement anisotropes non standards. Comptes Rendus Mecanique, 334: 587–
592.
Dormieux, L., Kondo, D., Ulm, F.-J. (2006). A micro mechanical analysis of damage
propagation in fluid-saturated cracked media. C.R. Mécanique, 334: 440–446.
Fouinneteau, M. R. C., and Pickett, A. K. (2007). Shear mechanism modelling of heavy
tow braided composites using a meso-mechanical damage model. Composites Part A:
Applied Science and Manufacturing, 38: 2294–2306.
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